On a characterization of spectra and tilings  by Li, Jian-Lin
J. Math. Anal. Appl. 289 (2004) 244–247
www.elsevier.com/locate/jmaa
Note
On a characterization of spectra and tilings
Jian-Lin Li
Department of Mathematics, The Chinese University of Hong Kong, Shatin, NT, Hong Kong
Received 14 November 2002
Submitted by L. Debnath
Abstract
Lagarias et al. (Duke Math. J. 103 (2000) 25–37) established a characterization of spectra and
tilings that can be used to prove a conjecture of Jorgensen and Pedersen (J. Fourier Anal. Appl.
5 (1999) 285–302) by Keller’s criterion. Different techniques to prove these facts have also been
developed by Iosevich and Pedersen and Kolountzakis. In this expository article, the author presents
an elementary approach to obtain a more general form of this characterization that relates spectra
and tilings.
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1. Introduction
Let Ω ⊂Rn have positive Lebesgue measure m(Ω) > 0, and let Λ be a discrete subset
of Rn. The inner product and the norm on L2(Ω) are
〈f,g〉Ω =
∫
Ω
f (x)g(x) dx and ‖f ‖2Ω =
∫
Ω
|f (x)|2 dx.
We write
eλ(x) := e2πi〈λ,x〉 for x ∈Rn and EΛ := {eλ: λ ∈Λ}.
If EΛ is an orthogonal basis for L2(Ω), then (Ω,Λ) is called a spectral pair. The set
Λ is then called a spectrum for Ω . We follow the terminology of [1], and consider the
packing and tiling in Rn by compact set Ω of the following kind.
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closure of its interior Ω0, and has a boundary ∂Ω =Ω\Ω0 of measure zero.
If Ω is a regular region, then a discrete set Λ is a packing set for Ω if the sets {Ω + λ:
λ ∈Λ} have disjoint interiors, or the intersections (Ω + λ)∩ (Ω +µ) for λ = µ in Λ have
measure zero. It is a tiling set if, in addition, the translates {Ω + λ: λ ∈Λ} cover Rn up
to measure zero. In these cases, we say Λ+Ω is a packing or tiling of Rn, respectively.
Equivalently, we call (Ω,Λ) is a packing pair or a tiling pair, respectively.
In their investigation and study of a problem of Segal and Fuglede’s spectral-set con-
jecture, Jorgensen and Pedersen [2] conjectured that ([0,1]n,Λ) is a spectral pair if and
only if ([0,1]n,Λ) is a tiling pair. They established the conjecture for dimension n  3
and for all n when Λ is a discrete periodic set. Subsequently, Lagarias et al. [1] related the
spectra of sets Ω to tiling in the Fourier space, and obtained the following characterization
of spectra and tilings.
Theorem A. Let Ω be a regular region in Rn, and let Λ be such that the set of exponentials
EΛ is orthogonal forL2(Ω). Suppose that D is a regular region with m(D)m(Ω)= 1 such
that Λ+D is a packing of Rn. Then Λ is a spectrum for Ω if and only if Λ+D is a tiling
of Rn.
Taking Ω =D = [0,1]n, the above theorem combined with the following well-known
facts:
(i) (Keller’s criterion) If Λ+ [0,1]n is a tiling of Rn, then each λ,µ ∈Λ has λi − µi ∈
Z\{0} for some i , 1 i  n;
(ii) EΛ is orthogonal for L2([0,1]n), if and only if, for any distinct λ,µ ∈Λ, λj − µj ∈
Z\{0} for some j , 1 j  n,
easily shows that the conjecture of Jorgensen and Pedersen holds.
Iosevich and Pedersen [3] simultaneously and independently established the above-
mentioned conjecture by a different approach basing on the geometric argument, which
is analogous to the argument used by Perron [5] in his proof of Keller’s conjecture for di-
mension n 6. Kolountzakis [4] gave an alternative proof of this fact, which is based on a
characterization of translational tiling by a Fourier analytic criterion. This criterion is also
obtained in [6] by appealing to a result of Wiener.
In this expository article, we will present an elementary approach to obtain a more
general form of the above Theorem A.
2. Theorem and its elementary proof
Theorem. Let Ω and D be two regular regions in Rn. Let Λ⊂Rn be a discrete subset and
Γ ⊂ Rn be a finite subset of the cardinality |Γ | such that Λ+ Γ is a direct sum. Suppose
that (D,Λ+Γ ) is a packing pair and EΛ is orthogonal for L2(Ω). If one of the following
three conditions:
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(ii) (Ω,Λ) is a spectral pair;
(iii) (D,Λ+ Γ ) is a tiling pair
holds, then the other two conditions are equivalent.
Proof. Let Γ := {γ1, γ2, . . . , γp} with |Γ | = p. Since EΛ is orthogonal for L2(Ω), it
follows from the Bessel inequality that∑
λ∈Λ
∣∣〈et , eλ〉Ω ∣∣2 =∑
λ∈Λ
∣∣χˆΩ(t − λ)∣∣2  (m(Ω))2, ∀t ∈Rn, (2.1)
where
χˆΩ(u)=
∫
Rn
χΩ(x)e
−2πi〈u,x〉 dx, u ∈Rn,
is the Fourier transform of the characteristic function χΩ(x) and |χˆΩ(−u)| = |χˆΩ(u)|.
Inequality (2.1) is also sufficient for the set of exponentials EΛ to be orthogonality in
L2(Ω). From the Parseval identity, we see that (Ω,Λ) is a spectral pair, i.e., EΛ is an
orthogonal basis for L2(Ω) if and only if∑
λ∈Λ
∣∣χˆΩ(t − λ)∣∣2 = (m(Ω))2, ∀t ∈ Rn. (2.2)
From the Plancherel’s theorem on L2(Rn), we have
m(Ω)= ‖χΩ‖2L2(Rn) = ‖χˆΩ‖2L2(Rn) =
∫
Rn
∣∣χˆΩ(t)∣∣2 dt. (2.3)
It follows from (2.1) that
p∑
j=1
∑
λ∈Λ+γj
∣∣χˆΩ(t + λ)∣∣2  p(m(Ω))2, ∀t ∈Rn. (2.4)
(a) Conditions (i) and (ii) imply (iii). In view of (2.2), we obtain from (ii) that
p∑
j=1
∑
λ∈Λ+γj
∣∣χˆΩ(t + λ)∣∣2 = p(m(Ω))2, ∀t ∈ Rn. (2.5)
Since (D,Λ+ Γ ) is a packing pair, it follows from (2.3), (2.5) and (i) that
m(Ω)=
∫
Rn
∣∣χˆΩ(t)∣∣2 dt 
∫
⋃
λ∈Λ,1jp (D+γj+λ)
∣∣χˆΩ(t)∣∣2 dt
=
∫
D
(
p∑
j=1
∑
λ∈Λ+γj
∣∣χˆΩ(t + λ)∣∣2
)
dt = p(m(Ω))2m(D)=m(Ω). (2.6)
Thus (Λ+ Γ )+D is a tiling of Rn.
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from (2.3), (2.4) and (i) that for any d ∈ Rn
m(Ω)=
∫
Rn
∣∣χˆΩ(t)∣∣2 dt =
∫
⋃
λ∈Λ,1jp (D+d+γj+λ)
∣∣χˆΩ(t)∣∣2 dt
=
∫
D+d
(
p∑
j=1
∑
λ∈Λ+γj
∣∣χˆΩ(t + λ)∣∣2
)
dt  p
(
m(Ω)
)2
m(D)=m(Ω), (2.7)
which yields (2.5) for almost every t in D + d . Since d is arbitrary, (2.5) holds for every t
in Rn. From (2.1) and (2.5), we get (2.2). This shows that condition (ii) holds.
(c) Conditions (ii) and (iii) imply (i). From (2.3), (2.5) and (iii), we have
m(Ω)=
∫
Rn
∣∣χˆΩ(t)∣∣2 dt =
∫
⋃
λ∈Λ,1jp (D+γj+λ)
∣∣χˆΩ(t)∣∣2 dt
=
∫
D
(
p∑
j=1
∑
λ∈Λ+γj
∣∣χˆΩ(t + λ)∣∣2
)
dt = p(m(Ω))2m(D), (2.8)
which yields (i). This completes the proof of theorem. ✷
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